Fundamental groups of C* - algebras

February 7, 2012

Petr R. Ivankov*
e-mail: * monster.ivankov@gmail.com

Abstract

Gelfand - Naimark theorem provides contravariant functor from category of com-
mutative C* - algebras to category of locally compact Hausdorff spaces. So category
of (noncommutative) C* algebras can be regarded as generalized (noncommutative) lo-
cally compact Hausdorff spaces. A set of topological invariants can be defined by alge-
braic methods. For example Serre Swan theorem [8] states that topological K - theory is
in fact K - theory of C* - algebras. However algebraic topology have rich set of invarnts.
Some invariants have noncommutative generalizations. This article contains several
steps towards definition of noncommutative generalization of fundamental group.
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1 Motivation. Preliminaries

In this preliminary section bridge (or mapping) between algebra and topology is consid-
ered. The Gelfand - Naimark theorem [10] can be thought of as the construction of two
contravariant functors (cofunctors for short) from the category of locally compact Haus-
dorff spaces to the category of C*-algebras. The first cofunctor C takes a compact space
X to the C*-algebra C(X) of continuous complex-valued functions on X, and takes a con-
tinuous map f : X — Y to natural *-homomorphism Cf : h — hf : C(Y) — C(X). If X
is not compact space, but locally compact then corresponding C* -algebra is Cy(X) whose
elements are continuous functions vanishing at infinity, and we require that the contin-
uous maps f : X — Y be proper (the preimage of a compact set is compact) in order
that i +— ho f take Cp(Y) into Cy(X). So (noncommutative) C*-algebra can be considered
as noncommutative generalization of locally compact Hausdorff space. Otherwise there
exists inverse functor M that sets to any commutative C*-algebra A a topological set of
its characters M(A). A lot of topological results related to locally compact spaces has
its (noncommutative) algebraic analogues. Following picture presents bridge (mapping)
between algebra and topology.
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If we consider category C* - algebras then * - homomorphism is good analogue of con-
tinuous map. However * - homomorphisms are not good homomorphisms in general
noncommutative case (See [13]], [12]). Besides *- homomorphisms there are other types
of morphisms of C* - algebras. Morita equivalence and Kasparov intersection product
[6] are examples of another types of morphisms. These new morphisms include *- ho-
momorphisms. Isomorphisms can be considered as particular case of Morita equivalence
and every *- homomorphisms defines unique Kasparov intersection product. Otherwise
Morita equivalence does not provide substantial new results for commutative C*-algebras.
However a lot of results related to theory of C*- algebras are impossible without Morita
equivalence. A generalization of *- homomorphism is used for definition of fundamental
group. This generalization uses some ideas related to Morita equivalence.

1.1 Different definitions of fundamental group

There exist a set of definitions of fundamental group. Algebraic topology [11] uses defi-
nition based on closed paths. However this definition do not have noncommutative gen-
eralization because noncommutative geometry is "The point is that there is no point".
Noncommutative geometry does not have closed paths since it does not have no even
points. Fundamental group can also be defined as covering group of universal covering.
If topological space X is locally path connected and semilocally 1-path connected [11]
then exist universal covering projection X — X. In this case fundamental group is cover-
ing group of universal covering projection. Now it is not known what is noncommutative
version of semilocally 1-path connected space. Even it is not known whether reasonable
version of semilocally 1-path connected space exist. Even if this problem is eliminated we
should define analogue of universal covering projection. We also do not know whether
reasonable universal covering projection exist. But even if we do not have However there
are a set of quite good noncommutative versions of finitely covering projection [3], [4]
which are called Galois extensions. General universal covering projection is not finitely
listed. However some constructions of infinite fundamental group are based on ana-
logues of finitely listed covering projections. For example algebraic geometry also does
not have good analogue of infinitely listed covering projection. However generalization
of fundamental group can be constructed as inverse limit of finite coverings group. This



construction is described in [9]. If case of algebraic manifold X over C this construction
provides profinite completion of topological fundamental group i.e.

M (X) = 1" (%),
where n;zlg (X) is fundamental group obtained by pure algebraic methods; nioy (X) is
fundamental group of X as Hausdorff space; symbol ~ means profinite completion. More
details about this construction are considered in next subsection.

1.2 Fundamental group as inverse limit of finite groups

Algebraic geometry do not have good analogue of infinitely listed covering projections.
However étale morphism [9] is good analogue of finitely listed covering projection. Com-
plex algebraic manifold can be considered as algebraic manifold and as Hausdorff path
connected and semilocally 1-path connected topological space. Etale morphisms of com-
plex manifolds are topological finitely generated covering projections and vice versa. But
infinitely listed covering projections cannot be algebraically defined. So étale morphisms
cannot define infinite fundamental group. However étale morphisms provide determina-
tion of its profinite completion. The idea of this determination is explained below. Let
(X, x0) be locally path connected and semilocally 1-path connected pointed space [11].
Then there is universal pointed covering projection p : (X, ) — (X, xo). Then there exist
group G(X|X) of covering transformations[I1]. By definition group of covering transfor-
mations is a group of such homeomorphisms of X that every ¢ € G(X|X) match following
condition pog = p. There is category of all normal covering projections of X and X is
universal object of this category. Following commutative diagram represents fragment of
this category.

(X, %) .
qi j
/ Pij \

]
Xi, x0; ————— Xj, Xo;

N
(X, xo)
All maps in diagram are pointed covering projections and p;oq; = pjoq; = p. It

is covariant functor from category of covering projections of X to category of groups.
Fragment of this category is presented below:



{e}

Where {e} is trivial group. All group homomorphisms of diagram (1.2)) are surjective.
Now suppose that we do not have X but we have only such X; that G(X;|X) is finite.
Then we have following diagrams.

Pij
(Xi,x0,) —————— (Xj,x0,)
X, X0

(X, x0)

Pii
G(Xi|X) ———— G(Xj|X)

{e}

This diagram does not contain G(X|X) however it contain important information about
this group. Inverse limit of this diagram is called profinite completion of G(X|X) [9]. So
analogues of finite covering projections do not provide fundamental group. However they
provide its profinite completion.

1.3 Galois extensions of associative algebras

Advanced definitions [5] of Galois extension use theory of Hopf algebras. However old
definitions of Galois extensions are also useful for this paper.

Theorem 1.1. [4]] Let FF be field,E/F be a finite Galois extension of F, G = Gal(IE/F). Then
can: E ®p E — Map(G, E),
e1®ey— (g e18(e2)), (e1,e2 €E, g €G)
is bijective.

Following definition can be regarded as noncommutative generalization of above theorem

L1

Definition 1.2. Let A, B be associative algebras over field k. An injective homomorphism
f + A — Bis a Galois extension if following conditions are hold:



1. ga € A (Vg € Aut(B), Va € A).
2. It is split exact sequence
{e} = G — Aut(B) =5 Aut(A) — {e} 1)

where G is kernel homomorphism f : Aut(B) — Aut(A), f is surjective and defined
as
Aut(B) > g+ g|a € Aut(A).

3. Ais algebra of G invariants i.e A = BC;

4. Canonical map

can: B®4 B — Map(G, B), )
i=1,...n i=1,.n

is bijective.
The G group is called Galois group of above extension. This extension is also called G -
Galois extension for clarity. By G(B|A) denote G.

Lemma 1.3. Let f : A — B injective homomorphism of unital associative algebras, G acts on
B. Homomorphism f satisfies condition 4 of definition [1.2|if there exists such elements b;, b, € B
(i =1, ..., n) that following conditions are hold;

Y, bibi=1g, ®)
i=L.n
Y bigh; =0Vg € G (g is nontrivial). 4)
i=1,..n
Proof. 1. => By e € G denote unity of G. Let f € Map(G, B) be such function that
fle) =1g; ©)
f(8) =0; (g #e). (©6)

condition 4 of definition [1.2l means that:

B ®4 B =~ Map(G, B).

.....

conditions (5), (6) are hold.

2. <= Let us enumerate elements of G, i.e G = {g1,..,§|g|}- Let f € Map(G, B) be a
map from G to B; and x € B®4 B is defined as

x= Y flg)bi®g b
i=1,.|G|

From (3), () it follows that f = can(x) (can is defined by equation (2).



Lemma 1.4. Let A, B, C be associative algebras and f : A — B, h : B — G Galois extension.
Then composition ho f : A — B is Galois extension and it is following exact sequence of groups:

{e} = G(C|B) => G(C|A) =5 G(B|A) — {e}.

Proof. Let us consider A as subalgebra of C. According to condition 2 of definition [1.2]it
is following sequence of split surjective homomorphisms

{e} = Aut(C) 5 Aut(B) =5 Aut(A) — {e}.
From above sequence it follows that
{e} = G55 Aut(C) 25 Aut(A) — {e}

where G is kernel of Aut(C) — Aut(A). Above sequence is sequence of (1) So extension
go f: A — B satisfy condition 2 of definition[1.2] Also one can prove that:

{e} = G(C|B) 2> G 25 G(BJA) — {e}. (7)

Condition 3 of definition [1.2]is clear. Let us check condition 4 of definition[1.2} i.e. C®4
C ~ Map(G,C). According to there exist such elements b;, b, € B (i = 1,..m) and
cj, c;. € B (j =1,...n) that following conditions are hold:

Z b,bll = 13,‘
Y big'bi =0Vg' € G(B|A) (¢ is nontrivial);

i=1,..,m
/
Z C]'Cj = 1c,'
j=1,..n

Y ng“C} =0Vg"” € G(C|B) (¢" is nontrivial).

By x;; (resp xl’j) denote c;b; (resp (bl’-c}). From direct proof it follows that
/
) xijxi; = 1c;
i=1,..,m; j=1,..n

Let ¢ € G be nontrivial element, and g|p € G(B|A) is also nontrivial.

Y Xijgxj = ‘ Y. ¢ (Cimr,.mbiglab]) gc; = ‘ Y., ¢j-0-gci=0.

i=1,..m; j=1,..,n j=1..n j=1,..n

Let us consider alternative case, ¢ € G is nontrivial however g|p € G(B|A) is trivial i.e.
g|p # 1p. From exact sequence (7) it follows that g € G(C|B). So we have

) Xijgxj; = Y ¢ (Tiz1,..m biglsb}) g¢; = Y, ¢loge= ), cjgc; = 0.
‘ i =L

i=1,..m; j=1,..n j=1,..n j=1,.n



We have proven that:

Y xgx;=0; Vg € G (g is nontrivial).

i=1,..m; j=1,.n
According to lemma [1.3]| condition 4 of definition [1.2]is hold. O
Using above lemma we can rephrase definition of G-Galois extension.

Definition 1.5. [3] Let A be unital directly indecomposable ring, G a finite group of auto-
morphisms of aand B = A® a G - invariant subring. We call f : B — A G - Galois extension
if there are elements ay, ..., a,; by, ..., by in A such that Y ;a;b; = 1; and Y ;(ga;)b; = 0O; for
any nontrivial element g € G.

Definition 1.6. If f : B - A is G - Galois extension and centralizer of B in A coincides
with center of A then the extension is called outer G - Galois extension.

1.4 Galois extensions of C* - algebras. Basic samples

In this section several Galois extensions of (non)commutative C* - algebras are considered.
First of all we shall consider commutative case.

Lemma 1.7. If X is compact space and p : Y — X is finitely listed covering projection then
C(f) : C(Y) — C(X) is Galois extension.

Proof. By definition of covering every point x € X has such open connected neighbor-
hood U C X that p~!(U) is disjoint union of connected sets [[V; and ply, : V; = U
is homeomorphism for every V;. Since X compact we can select such finite covering U;
(i=1,.. <k of X (X=UU) that p~1(U;) = [1V; and P|V,»j : Vij = U; is homeo-
morphism. Number of sets Vj; is finite because covering projection is finitely listed and
(j = 1,..,1) where | is number of lists. There is partition of unity } e;; = 1¢(y) subordi-
nated to covering Y = JVj;. If ¢ € G(Y|X) is nontrivial element then ¢gV;; N V;; = & and
(8,/8ij)\/€j = 0. Let us set ay, = by, = ,/ej; (m = il + j). Using previous formulas we have
Y by = Loy and Y, (gam)bm = 0. O

Definition 1.8. Let A, B be C* - algebras; f : A — B is *-homomorphism. If f is G-Galois
extension (see definition [1.2); G is finite group: then f is called finite covering; G is covering

group.

Example 1.9. Covering of noncommutative torus. Let us consider Galois extensions of non-
commutative torus. Noncommutative torus Ag is C* - norm completion of algebra gener-
ated by two unitary elements u, v and following conditions are hold:

uu* =utu =ovv* =0v'v=1;
uo = 20y,

where 6 € R. If § = 0 then Ay = Ap is commutative algebra of continuous functions on
commutative torus C(S! x 1) There is such trace 1) on Ay that TO(Z—oo<i<oo,7oo<j<oo ajju'vl) =



agg. C* - norm of Ay is defined by following way ||a|| = /79(a*a). Let us consider * -
homomorphism f : Ag — Ay where Ay is generated by unitary elements u’ and v'.
Homomorphism f is defined by following way:

u— u'm

v— o'

It is easy to check that 6’ = % (k =0,..,mn —1). Let us show that *-~homomorphism f
is Galois extension. First of all note that commutative Cx- subalgebras C(u') C Ay and
C(v') C Ay generated by u’ and v’ respectively are isomorphic to algebra C(S!) where
S! is one dimensional circle. There are induced by f *-homomorphisms C(S') = C(u) —
C(u') = C(S'), C(S') = C(v) — C(v") = C(S"). These *-homomorphisms induces m and
n listed covering projections respectively. Covering groups of these covering projections
are G; = Z;, and Gy = Z, respectively. Generators of these groups are presented below:

27

e u';
/ 2mi
= en v,

Since homomorphisms of commutative algebras C(u) — C(u'), C(u) — C(u’) correspond
to covering projections then according to there are such elements x; (i = 1,..,7), y;
(j=1,..5) that.

Z xl-z = 1C(u’);
1<i<r
Y. (g1%i)xi = 0;81 € Gy;
1<i<r
Y vi=1cwy
1<j<s
Y. (&2vi)yi = 0,8 € G
1<j<s

where g1 and g are nontrivial elements of G; and G;.
Actions of G and G; induce action of G = G; X G on Ay . Let us set

ax = YjXis
bx = xiyj;
where k = im +j.
It is easy to check following equalities.
Y. abr=1a,;
1<k<mn
Y. (ga)be =0.
1<k<mn



where g € G is nontrivial element.

Above equations are conditions [1.5| of G - Galois extension. Let us try to construct ana-
logue of fundamental group as inverse limit groups of Galois extensions. If § = 0 then
Ag = Ag is C* - algebra of commutative torus (A9 = C(T?). For all m,n,k € N there is
Zy X Zy extension f : Ag = A x of noncommutative torus which is defined by following

rules.
u—u™ o oM (8)

If k = 0 then extension is commutative. Otherwise extension is noncommutative. So there
are noncommutative Galois extensions of Ay besides commutative ones.

1.5 Homomorphism is not good generalization of covering

We have obtained additional noncommutative G - Galois extensions of commutative C*
- algebra. So if we consider direct generalization of above construction of fundamental
group as inverse limit then we obtain too big group. Reduction of fundamental group can
be obtained if we make equivalence of some coverings.

Example 1.10. Coverings of commutative torus. There is a set of reasons to make Galois
extension f1 : Ag — Ay equivalent to f, : Ag — Ak, (k1 # ko). These extensions are

mn

defined by following eqﬁnations.
u— ul;v = v; )

U= Uy 0> vy, (10)
where u,v € Ag, u1,v1 € Ay, Uz, U2 € Ay, are unitary generators of C* - algebras. Ho-

momorphisms f; and f, are defined by eqlz,;tions ©) and respectively. Let us consider
reasons for making equivalent these extensions. Covering projection of commutative torus
p: St x St — S! x S!is completely defined by winding numbers m, n of first and second
component of direct product S' x S!. These winding numbers are degrees of coverings
of S'. It is evident analogy between these numbers and numbers if Galois extensions de-
fined by (ﬂ) and . Second reason is that every Galois extension f, : Ag — A x becomes

equivalent to commutative covering f : Ay — Ap. If every noncommutative rgnovering of
commutative torus is equivalent to commutative one then fundamental group fundamen-
tal group coincides to (profinite completion) of classical fundamental group. Equivalence
can be obtained by extension of notion of covering morphism. There are a set of extensions
(generalizations) of *- homomorphism. For example instead * - homomorphisms A — B
homomorphisms A — B® K (K is algebra of compact operators) could be considered [2].
Also one can consider homomorphisms to matrix algebras A — M, (B) ~ B ® M, (C).
Let us show how morphisms to matrix algebras could be used for equivalence of Galois
extensions fi : Ag = Ay, and fo : Ag = Ay, (ki # k) defined by equations (ﬂ) and .

mn

Let us select matrixes wy, wy € My, (C) that

w" =wy" =1;

10



kp—kq
wywy = 27 wywy.

Using these matrixes we can define homomorphism Ay, — Ak, ® My, defined by fol-

lowing way:
Uy — Uy @ wq;

U1 — Uy Q Wy;

This homomorphism can make equivalence of f; and f,. Homomorphism from Ay, to
i
Ay, does not always exist. However from homomorphism Ay, to Ay, & M, exists
it i i

always. These additional homomorphisms can make necessary equivalences.

1.6 Why one need base point

In previous text fundamental group by coverings of pointed spaces. Noncommutative
geometry does not have points and so it does not have base points. So we need analogue
of base point. Before looking for these analogues we need understand purpose of base
point. What will occur if we drop base points. In these case diagram [1.2| will be replaced
by following diagram.

X, — X

N 7

However this diagram should not be commutative. For example this diagram can contain

following fragment.
X1
2N\
X2 X3

It is possible that pps 0 p12 7# paa © p12 because coverings pa4 © p12 and pp4 © p1p are cover-
ings which are roughly speaking coverings with different base points. In this case follow-

11



ing diagram of groups should not be commutative.

G(X1]X)

(

G(X2|X) G(X3|X)

N s

G(X4|X)

So one cannot use construct fundamental group as inverse limit. However if all groups of
above diagram are Abelian then above diagram is commutative.

1.7 Groupoids

Definition 1.11. [14]. A groupoid consists of a set G, a distinguished subset G(?), two maps
r,5: G — G and a law of composition

0:G? = {(11,12) € G x G;s(71) =r(72)} = G.
such that
L s(y1072) =s(12); r(11072) =r(11) V(71,72) € G?
2.5(x) =r(x) =xVxe€ G
3. yos(y)=vr(y)er=7VrEG
4 (mor)or=730(12073)
Lwithyoy™ =r(y); v oy =s(7).

Remark 1.12. Groupoid can be considered as (small) category where G is its set of arrows
G is set of identical arrows (or objects) and o is composition law. All morphisms of
groupoid category are isomorphisms.

5. Each v has a two-sided inverse ¢~

Definition 1.13. [14]. A smooth groupoid G is a groupoid together with a differentiable
structure on G and G(© such that the maps r and s are submersions, and the object
inclusion map G(®) — G is smooth, as is the composition map G? — G.

1.8 Morita Equivalence

Theory of C* - algebras has a set of different type of morphisms and *- homomorphism
is particular case only. Morita equivalence can be considered as homomorphism of (C*) -
algebras. Modification of Morita equivalence is considered in this article below.

12



Definition 1.14. [15] Algebra A is Morita equivalent to algebra B if it is such A — B bimodule
E that:

1. EQgE* =~ A as A — A bimodule;
2. E*®4 E =~ B as B — B bimodule

where
E* =Homyu(E, A).

Example 1.15. Morita equivalence of noncommutative torus. Here we show that C* - algebra
Ajg of noncommutative torus is Morita equivalent to Ag,,/, where p,q € N and p, q are
relatively prime numbers. First of all we introduce pre - C* - algebra Ay [17]. As well as
Ay algebra Ay is generated by two unitary elements 1 and v. Indeed Ay is subalgebra of
Ap. Every a € Ay can be represented by following way:

a = Eaijuivj
ij

and there is such C € R that

3C € Ry (1+i*+j*)ka;; < Cforanyi,j€ Z k € N.

Algebra Ay can be interpreted as convolution algebra of smooth foliation groupoid [14].
Let T2 = R?/Z? be two dimensional torus and F is irrational foliation. Every leave of
foliation is defined by following equations:

Yy =1yo+ 6t =modulo 1; (t € R)

x = xp + t = modmodulo 1

where x,y € IR/Z are coordinates of torus. The foliation groupoid G is groupoid of
homotopy equivalence classes of paths which belong to leaves of foliation. Let No; C T?
be submanifold defined by equation x = 0. The smooth groupoid Gy, is groupoid
of classes of homotopy equivalent classes of paths. Every path belong to single leaf of
foliation. Either begin and end of path belongs to N. The space of leaves is set which
parameterized by pairs (yg,n) € S' x Z where yp is y coordinate of begin of path and
Yo +n6 = modulo 1 is y - coordinate of end of path. So Gy, can be considered as disjoint
union if countable set of circles. Differential structure of Gy is induced by differentiable
structure of circle. Convolution algebra is C°(Gy) as vector space. Composition law is
defined by following expression.

ab(y) = Y. a(11)b(r2); Y71, 72 € Gn. (11)
11o72=7

Let us consider unitary generators 1,v € Ci°(Gy). First generator is defined by following
way:

L If s(y) # r(y) then u(y) = 0;
2. Ifs(y) =r(v) = (0,y) € T? then u(y) = ¥™;

13



Second operator satisfies following condition
1. Ifs(y) = (0,y) & r(y) = (0,y +6) then v(y) = 1;
2. Otherwise v(7y) = 0;
Composition uv complies following condition.
1. I s(y) = (0,y) & r(7y) = (0,y + 0) then uv(y) = 2 W+,
2. Otherwise uv(y) = 0;
and composition vu complies following conditions.
1. If s(y) = (0,y) & r(y) = (0,y + 0) then vu(y) = e2™;
2. Otherwise uv(7y) = 0;

So we have:

ou = 2™y,

This relation between generators of C°(Gy,,) coincides with relation between genera-
tors of Ag. Indeed Ay ~ Ci’(Gy,,) Now let us consider new submanifold Np,q =
{(psmodulo1, gsmodulol) € T?|p,q are relatively prime integers s € R. Using similar
to above calculations we can establish following isomorphism:

Ae—p/q ~ CSO(GN,;,q)

Now we would like to find Morita equivalence between Cg°(Gn,, ) and Cg°(Gy,, ) First of
all let us define smooth manifold

EP/ﬂ = {’Y €G; 7’(7) € Np,q/ S(’)/) < NO,l}'

Let us assume that p > 0 to avoid the trivial case p = 0. One finds then that E,; =
{(0,y),t); t € R, py = t(q — pd) modmodulo 1}. It is thus the disjoint union of p copies
of the manifold IR, since the value of y € IR/Z is not uniquely determined by the equality

py = t(q — pf) modmodulo 1.

It is left (resp right) action of Ny (resp. Njp,;) on Ey 4. These actions are defined as com-
position of paths in G. Let us define following module &,,; = C§°(Ep,q). Left (resp. right)
action of groupoid Gy, (resp. Gn,, q) on E,; induces left (resp right) action of C§° (GN0,1>
(resp Cg°(Gn,,,,)) on &p q. Explicit formula of right action of C§°(Gy,,, ) is presented below:

(xa)(n) = ; x(n)a(Q); Vx € Epq; Va € CSO(GNM)-
17o6="y

Left action of Cg°(Gn,,,) can be defined by similar way. It is useful to define alternative
representations of actions. First of all we define isometric covering f' : R — Gn,, which
satisfy following condition:

f'(n) = (0,0) € T% Vn € Z.

14



Let 79 € Epq,7(70) = s(0) = (0,0) € R?/Z2. Let 52,q C Ep,4 be such path - connected
subset that 7o € Epg,. This subset is diffeomorphic to R as differentiable manifold. Let
f:R — R?/Z? be defined as t — (0, tfmodulol). We have differentiable parametrization
iR — Eg/q which satisfies following conditions:

L f"(0) = o5
2. If y = f"(t) then r(y) = f'(t) Vt € R.
1

par
example if ¢ € Eg,q and 17 € Gy,, is such path that r(7) = s(y) and 7 contains is one

We can obtain other path connected components E y E;/;l using join of paths. For

circle path then 7oy € E}W. Similarly join of 2,..., p — 1 join paths provide E%,q/ s Eg};l

respectively. Join p circle path provides Eg,q components once again. So we have:

_ i
EP/W - |_| EPr‘?’
i=0,...p—1

Epa=C3(Epg) = D &EurGTR)eCr.

i=0,...,p—1

Let u’,v" € Ag be canonical generators. Action of u’,7" on £, 4 =~ C§°(R) @ C? is induced
by following action on C§°(R):

(u'f)(t) = T f(1); (f)(t) = f(t+6—q/p); Vf € CT(R); ¥t € R. (12)

Let U,V € M, be matrixes defined by following way:

0 0 0 1
1 .. 0
, 1 0 0 0
27iq/ p
u=12 ¢ 0 cv=1_0 1 0 0
2miq(p—1)/p
0 . e 00 ..10

Matrix V performs cyclic transposition of vector x € CF. One can easy check that:
ur=vr=1 Uv=e"rvu.

Generators u,v € Ay act on C§°(R) @ CP as u’ ® U and v’ ® V respectively. Since C°(R) &
C? =~ &, we have induced action of Ayjes, on & 4. Let us also introduce dual groupoid

Ejg={7€G; r(7) € Noa, s(7) € Npg}-

Similarly &,4 = C5°(E} 4) is C5°(Gn,,,) — C§°(Gn,,,,) bimodule. We can establish following
bimodule isomorphism

554 ~ HomCSO(GNOJ)(Sp,q,CSC’(GNOJ)).
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This homomorphism is defined by following way:
x— (y—a)

where

nol=y
Morita equivalence can be established as following bimodule isomorphisms.

(C/,p,q ® 5;/1/7 ~ CSO(GNO,] ),

Epg @ Epq ~ CF(GN,,)-

These homomorphism are defined by following way:
XRQY > a; yRx by x €Epg x € Epg, 1 € C7(GNy,) b € CF(GN,,)
where a and b satisfy following conditions:

a(y) =Y x(n)y(0); Vv € Gny,»
17o0=y

b(v') =) y(Qx(n); VY € Gy,
Gon=7"
So we have Morita equivalence between Ci°(Gny,) and C3°(Gn,,). These algebras are
isomorphic to Ay and Ag_,/, respectively. Otherwise Cg°(Gy,, ) and C°(Gy,,, ) are dense
local subalgebras of C* - algebras C/(Gny, ), Cr(Gn,,) respectively. Theory of local sub-
algebras and their Morita equivalence is explained in [14], [6]. According to this theory
algebras C(Gny, ), Cr(Gn,,) are also Morita equivalent. Moreover it is such norm on &, 4
that Morita equivalence between C,(Gy,, ), C+(Gn,,,) is implemented by norm completion
Ep,q of €y 4. Otherwise as it is shown in [14] Ay (resp. Apg.yq/p) is isomorphic to C, (G, )
(resp. Cr(GNOJ)) for any irrational #. So we have Morita equivalence between Ay and

A9+q/p'

2 Covering morphisms

Let us generalize notion of morphisms of covering projections. According to speculations
of previous section following definition looks reasonable.

Definition 2.1. Let p; : A — Aj; and pp : A — Aj be Galois extensions; Gy, (resp. Gy)
is Galois group of p1 (resp p2); E is A; — Ay bimodule; g : G, — Gy surjective group
homomorphism. A pair (E, f) is called a covering morphism from p, to p; if the following
conditions hold:

1. Let E* be dual A, — A; bimodule defined by following way E* = Homy, (E, Aj).
Then A; ~ E* ®4, E as Az bimodules;
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2. If x € E,x* € E*,a € A then py(a)x = xpa(a), p1(a)x* = x*pa(a) .
3. Group G, acts onboth E, E*. If x € E, x* € E*, g € G then:

g(xaz) = (gx)(ga2); (13)
g(axx™) = (ga2)(gx™); (14)
g(a1x) = (f(g)a1)(gx); (15)

g(x*ay) = (gx*)(f(g)a1); (16)

4. Group G, naturally acts on E ® 4, E* since G; acts on either E and E*. So group Let
G = ker f acts on E®p, E'. Let (E ®4, E*)° be submodule of G - invariants. It is
following Ay — A bimodule isomorphism:

Ay~ (E®a, EY)%;

Remark 2.2. This definition provides reduction of fundamental group (See section [L.5).

Lemma 2.3. Let p1 : A — A1, pp: A — Ay, p3 : A — Az be covering morphisms; (Eq, fo1)
(resp. (Ea, fa2)) is covering morphisms from py to py (resp. from ps to pp). Then

(E1 ®a, E2, E5 @4, ET, f32.0 f21)
is covering morphism from p3 to py.

Proof. By Gi, Gy, G3 denote groups of coverings py, p2, p3 respectively. Homomorphism
f32 0 f1 is surjective because either f;; and f3; are surjective. Natural actions of G3 on
Eq1 ®a, E> and E; ®4, E] are defined by following way:

go (x1 ®XZ) = f32(g)x1 ®gXQ,(g €Gs, x1 €E1, xp € Ez).
go(x3®x7) = gx3 ® fx(g)xi, (g € Gs, x| € Ef, x; € E3).

We have
(E5 @4, ET) ®4, (E1®4, E2) =

=E; ®a, (E{ ®a, E1) ®4, E2 =
~ E; X4, Ay DA, E, = E; X4, Ey =~ As.
Similarly we have following sequence of bimodule isomorphisms:

((E1®a, E2) @4, (E3 ®4, Ei‘))kf’(f32°f21) —

= (E1 @4, (E2 @4, E3)*"2) @ 5, Ef)kerfar)
~ (Ex ®a, A2 @4, Ez)ker(fm) = (E5 @4, E;)ker(fﬂ) ~ Ay

17



Example 2.4. Covering morphism of noncommutative torus. Let us consider two coverings of
noncommutative torus Ag. Let u, v be are generators of Ay. According to ifm,ne N
then it is such covering p’ : Ag — A which is defined by following way

mn

u— u'm

v — o

where m,n € N, k € Z and u/, v’ be are generators of Ag..

mn

Galois group of this covering is G’ = Z,, x Z, which has two generators g/, g of periods
m and n respectively. These generators act on Ag. by following way:

mn

g/lu/ _ u/eZm/m,.

’ol !
819 =70,
1o !
gzu =u,
gév’ _ Z]/62711/71‘

Let us consider another covering p” : Ay — A 4.1 which is defined by following way:

rmsn

u— u'""m;

v—v"n

where r,s € N, | € Z and u”, v" be are generators of A ¢, .

rmsn

Galois group of this covering is G’ = Z,, x Zs, which has two generators g7, g5 of
periods m and n respectively. These generators act on A 4., by following way:

rmsn

"o " i
_— eZm/rm’,

s1u
"o /.
810 =0,
"o .
U =u;
gﬁ’v" _ z)//EZm/sn'

Now let us construct covering morphism (E, f) from p” to p’. Group homomorphism
f : G” — G is defined by following way:

" /.
817 817
/! /
82 7 82
Construction of Ag.x — A o1 bimodule is more complicated. Let 6’ = fm*s’; be and r(’;jsfl =

0’ —q/p where q/ pmnis irre(r:iﬁi:ible fraction. Then according to Ay is Morita equivalent
to Ag_p/4- This Morita equivalence is obtained by Ay — Ag_,/, bimodule &, 4. Since

0+1
rmsn

= 0’ — q/p right action of A on &, is evident. Left action of Ay is defined

rmsn mn
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as "composition" of homomorphism f” : Asx — Ay and left action of Ay on &,,.

Homomorphism f” is defined by following way:
u—u'";

v— o',

where u”,v" € Agy are canonical generators of Ay. Now let us define action of G” =
Zym X Zsn on Ey 4. Every function ¢ € C°(R) can be represented as:

f(E) = Y kgpe? ™o (707, (17)
abeZ

Va,b € Z,YN € N 3C € Ry (1+a*+b*)Nk,, < C.

Usage of above representation enable us define action of G” = Z,, X Zs, on Epg- Letgy =

(1 modmodulo rm, 0 modmodulo sn) € Z, X Zs, and g» = (0 modmodulo rm, 1 modmodulo sn) €
Zym X ZLsn be generators of G” = Zyyy X Zgy. Action of on C3°(R) is defined as action on
coefficient k, ; in by following way:

§1kgp = ko pe?™0/ ™, 18)

nga,b = kﬂ’bEZm'b/sn.
Since &, ~ C5°(R) ® C? above action of G” on C§°(IR) naturally induces action of G” on
Ep,q- Direct calculation proves that this action comply to equations (3)-(16).

3 Generalization of fundamental group functor

Fundamental group functor[11] is a functor from category of topological sets to category
of groups. This functor is defined by following way

X = m(X),

f:X=Y = m(f): m(X) — n(Y).

Noncommutative generalization of fundamental group 71(X) is not known yet. However
we know generalization of covering group. So one can construct generalization of 7r1(f)
with respect to covering. First of all we define pi; with respect to covering in commutative
case.
Let f : X — Y be continuous map, and X — X, Y — Y such normal coverings that
following diagram

Y

Y

_—

Me—— X

e
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This diagram induces following diagram with surjective vertical arrows.

m(X) ——— m(Y)

G(X|X) — G(Y|Y)

Definition 3.1. Let us consider above coverings. Homomorphism G(X |X) — G(Y|Y) is
called Fundamental group homomorphism with respect to coverings X — X, Y — Y.

This definition have noncommutative generalization.

Definition 3.2. Let A, B be C* algebras, f : A — B * - homomorphism, A — A B— B
coverings. Suppose that it is following commutative diagram:

]

and homomorphism f : G(B|B) — G(A|A) which satisfies following conditions

f

R

AN

fg-a)=F(g)- fla).
A homomorphism f is called Homomorphism of fundamental groups with respect to A — A,
B — B coverings.

Example 3.3. Homomorphism of fundamental groups of noncommutative torus. Let A = Ag =
Clu,v], B= Agyy = C[u’,v'] be C* algebras and f : A — B *- homomorphism defined by
following way:

u— u'm,

v— o',

Let A — A, B — B coverings defined by following way:

A= AG/m’n’ = C[ﬂ,ﬁ], B= Ae/mm’nn’ = C[J/r&]r
us i o 7w = Y e o
It is clear that G(A, A) ~ Z,y X Z,, G(B,B) & Z s X Zoyy- Homomorphism f: A—B
is defined as:

~ ~m' ~n'

u—u ,o—0v .
These homomorphisms satisfy conditions of definition Direct checking shows that
Homomorphism of fundamental groups with respect to above coverings is natural surjec-
tive homomorphism:

f : me/ X Znn’ — Zm’ X Zn"
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4 Abelian coverings

4.1 Abelian fundamental group

Calculation of Galois groups can be very difficult problem. Often difficult problem is re-
placed by simplified one. For example class field theory [18] is a powerful tool calculation of
Abelian Galois groups of field extension. Described in [1.2| construction requires analogue
of pointed space. However as it is noted in [1.6|if all Galois groups are Abelian then one
do not need analogue of pointed space.

Definition 4.1. A finite covering is called an Abelian covering if its Galois group is Abelian
group.

Definition 4.2. Let A be C* - algebra. Let us consider category of Abelian coverings of A
and covering morphisms. This category induces diagram of Abelian groups and surjective
homomorphisms. Inverse limit of this diagram is named an Abelian fundamental group of
A.

4.2 Canonical constructions of cyclic coverings

Cyclic covering is covering with cyclic Galois groups. Some of cyclic coverings can be
obtained by canonicals construction which is described below.

Definition 4.3. Let A be C* - algebra which has such unitary u € U(A) that:
1. u" is not homotopic to 14 Vi € IN .
22 u#£v;, Yoe A, VneN&n > 1.

Canonical cyclic covering of degree n is such C* - algebras inclusion A C B that B as C*
algebra is generated by single unitary element v € B that v" = u (n > 1 & n € IN).
Element v is called generator of canonical cyclic covering.

Example 4.4. Cyclic construction provided by fundamental group Let X, xo be pointed space
and f : (S',s9) — (X,x0) generates cyclic element [f] € 711(X,x) with infinite order.
Also let g : X — S! be such continuous map that gf is homotopic to 151. Map g generates
unitary element u € U(C(X)) because S! ~ U(1). Let A be C* - algebra and u € U(A)
is such unitary that [u] € K'(A) is nontrivial element that n[u] # 0&[u] # kx ¥n € N
Vm € N&m > 1Vx € K(A). Element u comply conditions of definition [4.3]

Example 4.5. Cyclic construction provided by K theory Let A be C* - algebra and u € U(A)
is such unitary that [u] € K'(A) is nontrivial element that n[u] # 0&[u] # kx Vn € N
Vm € N&m > 1Vx € K(A). Element u comply conditions of definition [4.3]

Example 4.6. Canonical cyclic construction of noncommutative torus. Let Ay be algebra of
noncommutative torus (See definition and u,v € U(Ap) unitary generators. Then
K'(Ag) ~ Z? and [u], [v] € K!(Ay) are generators of K'(Ay). Elements u and v comply to
definition [4.3]
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Lemma 4.7. Let A C B be canonical cyclic covering of degree n. Then A C B is finitely listed
covering (See definition and its covering group is isomorphic to Z,,.

Proof. Let v € B be generator of cyclic covering and v" = u € B. Let us consider *-

automorphism « of B which is defined by following rule:
v > ve/M,
oF Z)>~<672m’/n‘

It is clear that a" = Id4. So a is generator of cyclic group Z, It is clear that A = B%n. Let
C(u) € A be C* algebra which is generated by u. According to condition 1 of definition
u" is not homotopic 14 Vn € N. If S! is circle then we have canonical isomorphism
C(u) =~ C(S'). Also we have isomorphism C(u) a~ C(S!). Inclusion A C B generates
injective *-homomorphism C(u) — C(v) which is defined as

u— o (19)
According to direct calculation *-homomorphism induces n listed covering
sl — st (20)

where S} is a circle. We use S}, notation instead S! for avoiding ambiguity. Here and later
Sl — Sl is n - listed covering of circle S! by circle S}. Element a € Z, acts on S}, as

¢ — ¢+ 2mi/n.

Since S} is compact it is such finite set U; C S} (i = 1, ..., N) of open subsets that

U u=s),
i=1,..,.N
gUi(\Ui=9,i=1,..N,Vg € Z, (21)

U; c S! that Y;U; = St, U;NU; = ©® i=1,.N, Vg € Z,. Also there are such
nonnegative real functions ¢; € C(S!) that

1. e;(x) =0Vx & U;
2. Yier,.Nei = Loy

According to we have ¢;ge; = 0; i = 1,..N; Vg € Z,. Now we if one set a; = b; = /¢;
then one have

i=1,..,.N
Y aighi=0; Vg€ Z&k g#e.
i=1,.,N
To above equations are in fact necessary conditions of definition O
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Example 4.8. Canonical cyclic construction of circle. Algebra C(S') is canonically represented
in Hilbert space L2(S!) of square integrated functions. Let S} — S! n - listed covering.
Then C(S}) is canonically represented in L2(S}). Also it is canonical injection L?(S') —
L%(S)). Image of this inclusion is generated by such functions f € L?(S}) that f(e'?) =
f(e/@+27/1))  Let v be canonical generator of C(v) = C(S}). Then we can represent L2(S})
as following direct sum of Hilbert spaces:

L2(s)= @D LX)

This direct sum provides following matrix representation of v and its adjoint:

000 0 u 010 .. 00
100 00 0 0 1 0 0
010 00|l . o oo . 00

1o o0 1 ool|l’% T |.. : (22)
0 00 01
000 .. 10 w00 0 0

Following equations can be proofed directly.

u 0 0 00 u* 0 0 00
010 00 0 10 00
a0 01 0 0 w_|0 01 00|
“lo oo oo|l’" T]o 0o 00|’
000 .. 01 0 00 0 1

* _ * _
00 =00 = 112051

So we can define action of C(S!)(v) as on Hilbert space L?(S}) = @®;—,__,_1 'L*(S!) by
following way.

S O O\
SO = O
O = OO
o O O o
o O O O

ho
ah = () Va € C(SY), ho, ..., h, € L*(SY).

hy
0 00 .. 01
Action of v and v* is represented by matrixes (22).

Example 4.9. First general canonical cyclic construction. This example is generalization of
above example. Let A be C* - algebra with unitary element u € U(A) which satisfies
conditions of definition [4.3] Let us select any faithful representation of A on Hilbert space
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H. Also let us define action of A on H" by following rule.

ho ho
al ... | = .. |Va€eA, hy.., h, € H
hy

hu
Let us define two adjoint operators on B(H") by following way

0

S O O
S O = O
o o oo

0
1
0

o o O

0 00 .. 01

0 10 00
(1)88 gg 0 0 1 00
ho 01 0 e ho 0 0 0 0 ol /h
ol-1=10 0 1 0 0 ;0. =10 00 00
hy hy hy hy
S0 o Lo 000 0 1

=

o
o
o
(=)

In this case v" = u as operator on H".

Definition 4.10. Described in example construction of canonical cyclic covering is
called a frequency domain construction.

Remark 4.11. Coverings of noncommutative torus once again. Coverings of noncommutative
torus were already considered in example Defined in example 4.9| construction pro-
vides alternative search of these coverings. First of all according to example [4.6| generators
u,v € U(Ag comply conditions of definition Using this property on can construct
coverings by canonical cyclic construction.

Example 4.12. Spectral canonical cyclic construction of circle If functional space L?(S!) does
not depend on values on zero measures set then L?(S') ~ L2([0,27]) ~ L?([0,27)). Sim-
ilarly if we consider spaces of f all bounded complex valued Borel-measurable functions
then we have B (S') ~ Bw([0,271]) &~ Bwo([0,277)) Let us parameterize L2(S}) by real
parameter ¢ € [0,27). Let Hy C L?(S}) (k = 0,...,n — 1). is subset of functions which are
supported on 27tk/n < ¢ < 27t(k+ 1)/n. We have following decomposition

L*(S))= € H.

k=0,...n—1

Similarly we have decomposition

BO°(5111) = @ Boo,k

k=0,...n—1

where B,k is supported on 27tk/n < ¢ < 27(k+1)/n. Otherwise we have following
natural isomorphisms:

Hy ~ L2(S'); Book ~ Boo(SY) k=0,..,n —1;
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.....

a 0 0 0

a (ho) _ (00 0 (ho) Va € Bo(S?)
i 0 0 0 .. a i
Let us define functions fj, ..., f,_1 € Be(S') by following equations:
¢ s 2P /n, (23)
Generator v € C(S},) acts on direct sum as
fo 00 .. 0

0 f 0 .. 0

0 0 0 v fos
It is clear that v satisfies all conditions of definition [4.3]

Example 4.13. Second (spectral) general canonical cyclic construction Here generalization of
example is considered. Let A be C* - algebra with unitary element u € U(A) which
satisfies conditions of definition Let us select any faithful representation of A on
Hilbert space H. Also let us define action of A on H" by following rule.

a 00 .. 00
0 a O 0 0
ho hO
0 0 a 0 0
a( ) =0 0 o 0 0 ( )‘v’aeA, ho,...,h, € H.
hnfl hnfl

0 00 .. 0 a

Since u is normal then then according to spectral theorem [10] we have following natural
unital *-homomorphism:

Second(spectral generalcanonicalcyclicconstructionBeo(0(1)) — B(L?(SY)),u — f(u). (24)

Following formula is spectral representation of u.

u :/ zEdz
Jo(u)

where o (u) is spectrum [10] of u. Since u is unitary then o(u) C {z € C,|z| = 1} So we
can define action of functions fy, ..., fu—1 € Be(0 (1)) defined in Let us define new
operator v € B(H") by following rule.

fo 0 0 0 o0
0 f1 O 0 o0
ho ho
10 0 f 0 o0
v( ) =10 o 0 0 0 ( )VaEA, hg, ..., hy, € H.
hnfl hnfl
0 0 0 .. 0 fu
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Operators fy, ...f,—1 have following spectral representation

fr= /(T(u)fk(z)Edz; k=0,.,n—1

Operator v satisfies all conditions of definition However one shall not need usage of
H". One can use v € B(H) defined by following way:

v= /a(u)fO(Z)EdZ; (25)

Definition 4.14. Described in example is called time domain construction of canonical
cyclic covering.

Remark 4.15. Time domain construction of provides interesting implementation of cover-
ings. If X — X is a covering that C(X) can be obtained by addition to C(X) discontinuous
functions which belong to Beo(X).

Example 4.16. Cyclic construction with two generators. Let X be topological space 71 (X) =~
Z x Z and ay,ay € m1(X) are generators of 711(X) ~ Z x Z. According to [11] it is such
finitely listed covering f : X — X that 71y (f) : Z X Z — Zy, X Z, surjective group homo-
morphism. Corresponding *- homomorphism C(f) : C(X) — C(X) can be constructed be
canonical construction of cyclic coverings. First of all suppose that a1, a; are represented
by f1,f2 : (S,s0) — (X,xp). Then let g;,4> : X — S! be such continuous functions that
both g1 f1 and g f> are homotopic to Idgi. Let uq,up; € U(C(X)) unitary elements which
correspond to g1, g2 respectively. Then there we can consider following inclusions:

C(X) = C(X)(v1) = C(X)(v1)(v2) = C(X)
where 01" = uq, 0] = us.

Example 4.17. Let us suppose that elements v1, v, are constructed by time domain formula
. In this case either C(X) and C(X) act on single Hilbert space H. Let us consider

extension B of C(X) generated by v}, v, and
" = uy, vh = uy. (26)

Algebra B is represented in H ® C7 Hilbert space. Subalgebra C(X) diagonally acts on H.
Elements v}, v} are defined as operators on H ® C1 by following formulae:

V=010V, th=0,0V,
where V1, V, € M, (C) and
V] = V) =1cn; Vo = 2P0,
Conditions can be proved directly. Algebra A is not commutative because
vhvh = TP vl

So we have obtained new sample of noncommutative covering of commutative C* - alge-
bra.
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Remark 4.18. Noncommutative coverings of commutative torus (See example|1.10) can be
constructed as well as in example

Example 4.19. Coverings of noncommutative 3D Sphere Algebra of complex functions of 3D
sphere could be generated by four real valued functions x1,...,x4 those satisfy to following
equations:

B4+ =1 (27)

If we introduce complex valued functions & = x1 4 ix2, B = x3 + ix4 then when we can
replace by the following equation:

an” + Bp* = 1. (28)

Very interesting involutive noncommutative algebra is considered in [19]. It is generated
by two elements «, § and satisfies to following relations.

Wa+ BB =1; an* 4+ ¢?BB* =1; afp —qPa = 0; af* —gp*a =0; BB = BB*.  (29)

where g is a real number and 0 < g < 1.

By C(SU,(2)) denote C* which satisfy above equation. It is clear that if we suppose that
q = 1 then this algebra is commutative and it satisfies to relations (27). If g ~ 1 then alge-
bra C(SU,(2)) could be considered as noncommutative approximation of algebra C(S%)
of continuous complex valued functions on 3D sphere. C(SU,(2)) admits the structure of
spectral triple[17]. It is well known that 3D sphere is simply connected. So if 4 = 1 then
C(SU,4(2)) no nontrivial finite coverings. However if 4 = 1 then it is such unitary element
u € U(C(SUy(2)) than [u] € K}(C(SU4(2)) is not trivial and has infinite period. Accord-
ing to example (4.5 element u# comply conditions of definition So one can construct
construct cyclic covering C(SU;(2)) — B where be is generated over a by such element v
that " = u.

Remark 4.20. If g =~ 1 then algebraic properties of C(SU,(2)) are very close to algebraic
properties of commutative algebra C(S3). However these algebras are principally differ-
ent. First one does not have nontrivial coverings but second one has them. Perhaps this
fact is relevant to structure of the Universe. In some models space of the Universe is C(S3).
Since C(SUy(2)) is close C(S?) it is reasonably suppose that Universe space correspond to
algebra C(SUy(2)). Since former algebra has nontrivial coverings this fact can occur new
cosmological properties.

4.3 Analogy with Kummer extensions

Here analogue with algebraic field extensions is considered. Let K be a field K (resp.
Ksep)is its algebraic (resp. separable) closure and & = G(K/K) is Galois group. Cyclic
extension [18] L of K (K C L C K) have such Galois group $ C & that &/ is finite
cyclic group. If number of elements of &/$) is equal to n € IN then &/ is isomorphic to
group of n-th roots of unity in C. This isomorphism may be regarded as character x of &
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with the kernel $; such a character which if order of n, will be said attached to L. If « is
representative in & of generator of &/§), there is one and only one character x of & that
x(a) = €™/". Conversely if x any homomorphism from & into C*; it is a character of
order n; its kernel is open subgroup $) € & with cyclic subgroup of order n and subfield
L C Ksep corresponding to ) is cyclic of degree n over K; we will than say that L is attached
to L. If K contains distinct n roots of 1; then these make up a cyclic group E of order n,
if K is of characteristic p > 1, or assumption implies that n is prime to p. Let ¢ be an
isomorphism of E onto group of n-th roots of 1 in C; this will be determined uniquely if
we choose a generator €1 of E and prescribe i(e1) = ¢?™/". Take any ¢ € Kgp, and let x
be any one of roots of equation X" = ¢ in K; when x € Kgp, and equation X" = ¢ has n
distinct roots ex with € € E. In particular, for each o € ® x” must be one of the roots, so
that x“x~1 is in E. Now put

Xng(@) = p(x7x71); (30)

as E € K, the right-hand side does not change if we replace x by ex with € € E and is
therefore independent of choice of a root x for X" = ¢. For similar reason, we have, for
all, p,c € &;

PPl = (xPx )T (x%x ) = (kPx ) (227,

and therefore
An,¢ (Pa) = Xn,¢ (P)Xn,é(a)/

and therefore shows that x,, « is a character on &. Take now any 7 € K*, and call y a root
of X" = y; then xy is root of X" = {1, and we have for all ¢ € &):

(xy)7(xy) ' = (72 (YY)

end therefore
Xngy = XngXnpys

which shows that ¢ +— x;,z is a morphism of K* into group of characters of &. It is
obvious that ;¢ is trivial if X" = ¢ has one root, hence all its roots, in K, i.e. if
¢ € (K*)" in other words, (K*)" is kernel of { — x,z It would be easy to show
that the image of K* under that morphism consists of all the characters of & whose or-
der divides n, but this will not be needed. Let us generalize this construction. Let A
be C* - algebra, U(A) group of its unitary elements, Uy(A) € U(A) subgroup homo-
topic to unity elements, [U(A)] = U(A)/Uy(A) factorgroup. By [[U(A)], [U(A)]] denote
commutator of [U(A)], by [U(A)]s denote factorgroup [U(A)]/[[U(A)], [U(A)]] . Let
Tors([U(A)]ap) € [U(A)],p be subgroup of elements which have finite period. Factorgroup
[U(A)ab free = [U(A)]ap/Tors([U(A)]up) is free Abelian group. Let uy, ..., up € U(A) such
unitary elements that:

1. u; satisfy conditions of definition[d.3|for i =1, ..., p.

2. Classes u; € [U(A)]ap fre are linearly independent.
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According to example and/or example 4.9]V € IN one can Abelian construct finite
covering A — B that there are such unitary elements vy,..., vy € B that v}/ = u;. By &
denote Abelian Galois group of this covering. This group can be represented as following
direct sum.
6= P &; &~2Z,V (1<j<k);
j=1,k

And summand &; is generated by automorphism ¢ € & which acts on B by following
way: ‘

Uj — eZm/nt;

v o L #

Now we can define character é‘n,g]. on defined as
71 .
Cn,ﬁ/-(ﬂ) = O'(Uj)vj ’

This equation can be regarded as analogue of equation

5 Generalization of infinite covering

According to section [1| C* it is following mapping:

TOPOLOGY ALGEBRA
Locally compact space C* - algebra
Compact space Unital C* - algebra
Continuous map *-homomorpfism

This map excludes generalization of infinitely listed coverings by following reasons. Let
X be compact Hausdorff space and p : Y — X be infinitely listed covering, then Y is not
compact, Co(X) is unital, but Cy(Y) is not unital. Homomorphism C(p) : Co(X) — Co(Y)
which correspond to p does not exist.5o one should generalize notion of *- homomor-
phism for generalization of infinitely listed coverings .

5.1 Noncommutative generalization of R — S! covering
51.1 R — S! covering

R — S! covering. Let p : R — S! well known infinitely listed covering [I1]. No function
f € Co(R), f # 0 can be obtained from function ¢ € Cy(S'). However it is another
alternative construction which is modification universal object. Let us consider category
of all coverings of circle.
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1 1 1
Szn 521 w2 S

We assume that all coverings of above coverings are two listed coverings. Symbol S}, ~ S!
means that that covering degree of initial circle S! is equal to 2". It is natural bijection
between C(S!) and {f :€ C[-2"m,2"n], f(—2"m) = f(2"n)]}. Any f € Co(R) can be
regarded as limit of functions supported on intervals [—2"7,2"7t] ,n — co0. More precisely
for f € Cyp(R) it is following sequence fon € Co(R):

2 @ =)+ (x -2 AR E2, e [, 2]
f2 (x) - { 0 X % [ zni.[ 21’171.] (31)

It is evident that sequence f,» is norm convergent to f. Now let us note that

L*(R) = P L*([27k, 27t(k + 1)]); (32)
kez
where © means Hilbert direct sum. Otherwise fon can be naturally identified with element
fon € Sk It is clear that there are following natural isomorphisms of Hilbert spaces

L2([27tk, 27t (k +1)]) = L*([27tn, 27t (n +1)]) Vk,n € Z.

Let us also define action f,, € Si, on L?(IR) as action of fon. It is clear that f,, trivially
acts on L?([—27tk,2mt(k+1)]) (n < kVn > k+1).

5.1.2 Generalization of R — S! covering

Algebra C(S!) satisfies conditions of definition The R — S! covering can be general-
ized on any C* algebra which satisfies conditions of definition[4.3] Let A and u € U(A) be
such algebra and its unitary element which satisfy to conditions of definition Algebra
A faithfully acts on Hilbert space H. From lemma [4.7]it follows that there exists following
sequence of finitely coverings:

o —— Alvgn, U5n] —— o +—— Alvp, 03] — A

where v2" = u.

Above diagram is noncommittal analogue of diagram considered at Indeed C(S!) ~
C(u) and C(S},) ~ C(vy,). Let us define action of Co(R) on Hilbert sum H = @,z Hy.
First of all note that C(vy) acts on @ e, pc 1 Hn. Suppose that C (vzk) acts trivially
on H, if n < —25\/n > 2k, This action can be continued whole sum H. Let feCR )
any function and sequence f, is defined by equation l On can define functions f,u

C(Shi) = C(vn). Sol fon ¥n € N defines bounded operator B(fon) € B(H). Sequence
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B(fan) is norm convergent. By B(f) denote its limit. Denote B(a) € B(H) a € A bounded
operator which acts on every component of Hilbert sum as well as a acts on H.

Definition 5.1. Let B € B(H) be norm completion of algebra generated by elements
B(a)B(f) and B(f)B(a) wherea € A and f € C(R). This algebra is called Noncommutative
generalization of R — S' covering.

Remark 5.2. This construction can be generalized. Suppose that there are two elements
u1,up € A which satisfy conditions We can define two actions of C(R) on H. Let us
distinguish these actions for clarity. Action of C(R);, C(IR), is constructed by usage of
elements 171 and u, respectively. Norm completion of algebra generated by B(f1)B(f2)B(a)
B(f2)B(f1)B(a), B(f1)B(a)B(f2), B(f2)B(a)B(f1), B(a)B(f1)B(f2), B(a)B(f2)B(f1) where
a€ A, fi € C(R); f € C(R)y, can be regarded as generalization of covering of torus be
plane. Similarly covering of n torus by R" can be generalized.

Example 5.3. Infinite covering of noncommutative torus. Algebra Ay of noncommittal torus
has two unitary elements u, v which satisfy conditions of definition[4.3] So infinite gener-
alization of covering by plane can be constructed. Since v satisfies condition [4.3| one can
construct such sequence vy, U3, ..., van, U3, that 3 = v, 032" = v*; Vn € N. Elements of
this sequence satisfy following conditions:

2mi(0+k) /2"

UVpn = Uonll

where k € Z is arbitrary integer number. Here we set k = 0. In this case uvy =
20/  yyuu. Sequence von induces sequence B(fon) € B(H) for all f € Co(R). B(f) €
B(H) is norm limit of B(fa1) (See . Operators B(u) and B(fyn) satisfy following
condition.

B(u)B(f21) = €™/ B(far) B().

Since B(f) is norm limit of B( f,n) we have.

From previous equation it follows that algebra generated by elements B(u) and B(f) Vf €
Co(R) is commutative. So its norm completion is also commutative. One can check that
this algebra is isomorphic to Cy(S! x R). Generalization of infinite covering of Cy(S' x R)
is Co(R?). This generalization coincides with commutative covering. So infinite covering
of noncommutative torus is commutative plane.

5.2 Generalization of arbitrary infinite covering

Here we would like construct generalization of arbitrary infinite covering. This construc-
tion is analogical to commutative infinite covering. So first of all algebraic construction of
commutative infinite covering will be constructed.
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5.2.1 Commutative infinite covering from algebraic viewpoint

Let (X, x) be pointed topological space space, n(X, %) — (X, xg) is infinitely listed cov-
ering, G = G(X, X) is covering group. According to GNS Construction [7] C* - algebra
C(X) has a faithful representation, i.e. C(X) is isometrically isomorphic to C*-algebra of
operators on a Hilbert space H. Here full representation of C(X) on Hilbert sum

H =&, xHg Hy~H (g € G(X, X)) (33)
will be constructed. Let U € X be connected fundamental domain i.e. U is open, limitation
7|y is injective map, and 7t(U) € X is dense subset. Suppose that Xop € U. Group
G(X, X) acts on X. Group G acts on X and gU is fundamental domain Vg € G. Denote
by A” bicommutant of C* - algebra A [7]. Any faithful action of A on Hilbert space

induces faithful action of A” on same Hilbert space. Since 71(U) is dense in X we have
C(m(U))” = C(X)". Set U = 7t~ (mr(U)) = Uge gU is dense open subset of X, C(X)" ~

cu” ~ Dgec C(gU)". Otherwise Py C(gU)” acts on Hilbertian sum H = Dgec Hg
where Hy ~ H Vg € G. So C(X X) have faithful representation on H = @gec Hg. Action

of @ € C(X is defined by following way. Element @ is continous function on X. Its
limitation @|g;, (¢ € G) is element of C(gU), @ € C(gU)". So @|ey acts on Hy. Action
of #on H = @gec Hg is componentwise action of @|g; on Hg Vg € G. Let us consider
approximation of this action by actions obtained by finite coverings. Suppose that G can
be included into following diagram of surjective group homomorphism:

G

|

G Gi {e}

where G is finite Vi € IN. Suppose that (), ker(G — Gy) = {e}. This diagram induces
following of coverings.

Xn Xl X

where G(X,|X) ~ G, maps p, : X, — X Vn € N are finite coverings.

Let g1, ..., gk be all elements of G. G, is factorgroup of G. Let us select for all g; € G, such
representative g; that set (J;—; _,, &U is connected. Set p(U,) = Uj=1,. , SiU is dense
open subset of X,. Slight modification of previous speculations shows that C(Xj,) have
full representation on direct sum @ Hg, (i = 1,..,m). Since @ Hg, (i = 1,...,m) C HC(X,)
acts on H. Let us select such fundamental domains U; € X, i € N which correspond to
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spaces X; and U; C Uj, (i < j). This selection define actions of C(X;) i € IN and all these

actions are compatible with homomorphisms C(X;) — C(X;). Let A € B(H) be norm

completion of algebra generated by C(X;) € B(H). C(X) € A is such subalgebra that if
a € C(X) that for all e > 0 number of such spaces Hyg that [|a|g, || > € is finite.

5.2.2 Noncommutative algebraic generalization of infinite covering

Let A be C* algebra and

An A1 A

sequence of finite coverings, and corresponding sequence of covering groups can be in-
cluded into following diagram:

G Gq {6}

Also suppose that N,y ker(G — G,) = {e}. Milnor’s construction [8] provides such
infinite covering space Bg that 71(Bg) ~ G. Universal covering of this space is usually
denoted by Eg — Bg, G acts on Eg and Eg/G =~ Bg. This covering induces following
diagram: This diagram induces following of coverings:

Eg

fn

X, X4 Bg

where G(X,,Bg) = G,, Vn € N. Let U € Eg fundamental domain. For all elements
81, - 8m € Gy we will select such representatives g; € G that set U;— _,, iUy is connected.
In this case Uy = Ugeg, §U is fundamental domain of X, — Bg covering.

Let A — B(H) be GNS representation. Let H = @Dqec Hy is Hilbertian sum. Constructed

algebra of infinite coverings subalgebra of B(H). GNS representation is Hilbertian sum
of irreducible representations. Irreducible representations of A will be indexed by set
Aie. ry: A — B(Hy), (A € A). Hilbert space of GNS representation is following
Hilbert sum H = @,cp Hy. According to [7] . Let r : A, — B(H’) any irreducible
representation. According to [10] there exist irreducible limitation ' : A — B(K) where
K C H'. A is hereditary subalgebra of A, because A, is finitely generated projective
module. According to [10] K = H' or it is such unique A € Lambda that H' = H, For any
representation r), : A — H unique extension r}\ : Ay — H will be fixed. Let ¢ : Ay = C
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be positive functional which defines representation . By ¢, denote following positive
functional

Prg(a) = pr(ga); Va € Ay, g € G-

Representation defined by ¢,, has same limitation on A as ¢, one. By H, denote Hilber-
tian sum of spaces of representations ¢,,, VA € A. So Hilbert space of GNS represen-
tation of A, is Hilbertian is a direct sum H, = @qcc, Hg. For all covering group G, =
{gn1, - §nm} we will select such representatives g, 1, ..., §u,m € G that Uy = Uj—1 _u §n,iU
is connected fundamental domain. Fundamental domains are selected by such way that
if i < jthen U; C U;. Selection of these representatives enable us define action of A, on

Hilbertian sum H = @Dqecc Hg. Actions of algebras A, are compatible with finite cover-

ings A; — A;. Let B € B(H) be norm completion of algebra generated by all elements

a€ A, neN. Let AC Bbe such subalgebra that for all ¢ > 0 number of elements g € G
which satisfy condition ||a|g, || > € is finite.

Definition 5.4. In this sitation algebra A is named generalization of infinite covering.

6 Generalization of Hurewicz homomorphism

Notion of Hurewicz homomorphism was initially appeared in algebraic topology and
then generalized in several directions. This chapter is devoted to generalization related to
theory of C* - algebras. First of all let us remind some notions of algebraic topology [11].
Let X be topological space, xo € X is base point, 7, (X, x9), Hy(X) are n-th (n € IN) are
n-th homotopy group and singular homology group respectively. Then Vn € IN there is
natural homomorphism ¢y, : 77, (X, x9) — Hyu(X). This homomorphism is named Hurewicz
homomorphism. Pair (X, xg) is named pointed space. if n = 1 then homomorphism is
defined by following way: Let S! be a circle then H;(S') = Z. Let c € H;(S') be generator
of Hi(S'). Then Hurewicz homomorphism is defined by following expression: Here
we consider generalization of ¢; only and we shall replace ¢ by ¢ for simplicity. For
generalization of Hurewicz homomorphism we need answer following questions:

1. What is analogue of Hj(X)?

2. What is analogue of pointed space (X, xg)?

3. What is analogue of 711 (X, x0)?

4. What is analogue of Hurewicz homomorphism?

There is a set of versions of answers which depend on context. Analogue of H;(X) for
Hurewicz theorem can be different from analogue of H; (X) for other problems. There are
three approaches for noncommutative generalization of classical (commutative) geometri-
cal results.

1. Direct (Deductive) From analogues of definitions to analogues of theorems;
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2. Inverse From analogues of theorems to analogues of definitions;
3. Combined Simultaneous development of analogues of definitions and theorems.

These approaches are schematically represented below:

Generalized (noncommutative) notions

Direct approach | Inverse approach Combined approach

Generalized (noncommutative) theorems

For example classical notion of Hurewicz homomorphism is based on notion of funda-
mental group. However noncommutative generalization of fundamental group can be
based on noncommutative generalization of Hurewicz homomorphism. Combined point
of view implies simultaneous generalization of both fundamental group and Hurewicz
homomorphism.

6.1 Generalization of homology group H;

Equation ?? can be used as definition of Hurewicz homomorphism. This equation can
be generalized for any covariant homotopy invariant functor P which satisfies following
condition P(S!) ~ Z. This generalization is defined by following way:

¢([f1) = P(f)(c) Y([f] € [S",50, X, x0] = m1 (X, x0). (34)

This observation provides following requirement for noncommutative generalization of
Hi. Generalization of H; should be such contravariant homotopy invariant functor P
from category of C*- algebras to category of Abelian groups that P(C(S!)) ~ Z.

Example 6.1. Let K! be functor of K - homology. Then K'(C(S')) = Z. In this article the
K! as generalization of Hj is being considered.
6.2 Generalization of pointed space

Let us remind some facts from commutative topology.

1. If X = []; X; is disjoint union and all X; are connected then all algebras C(X;) are
simple and C(X) = @; C(X;)

2. If C* - algebra A = @; A; then i - th connected component is associated to A; (A; is
simple algebra.

3. If Ais unital then 14 = }7; 14, and 14, is selfadjoint idempotent of A.
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4. Any point xg € X defines homomorphism Hy({xp}) — Hp(X) and generator of
h € Ho(X). If X = [[; X; then Hy(X) = @; Ho(X;) and H'(X) = @; H'(X;),
Hy(X) ~ H%(X;) ~ Z. Generator h defines path-connected component of x, satisfies
following conditions:

(a) h has infinite period
(b) h is not divisible
(c) If hj, generator of Hy(X;,) and h' generator of H°(X;,) then hio ~ hi, = hj, and
It~ hj, = 0 (ip # i).
Since we consider K! as analogue of Hj then it is reasonable consider K as analogue of
Hy.

Definition 6.2. Let A be C* algebra and & € K°(A). A pair (A, h) is noncommutative
generalization of pointed space if following conditions are hold:

1. h has infinite period
2. his not divisible

3. if A= @;A; and 14 = }; 14, then there exits such single index iy that / - [1Ai0] =
1KK0(C,C) and & - [1Ai] =0.

6.3 Hurewicz homomorphism with respect to covering

Hurewicz homomorphism is in general homomorphism from noncommutative group to
commutative one. So it can be decomposed by following way:

1 (X) = 7ap(X) — Hi(X),

where 71,;,(X) is Abelian group defined as 7, (X) = 711 (X)/[m1(X), 1 (X)]

Algebraic topology has good notion of fundamental group. However good noncommuta-
tive generalization of fundamental group is not known. But every covering X — X defines
covering group G(X, X) which is factorgroup of fundamental group. If this group has nat-
ural structure of subgroup then one can define natural homomorphism G(X, X) — Hj (X).
Since H;(X) is Abelian we can take into account Abelian coverings only (see section ) i.e.
coverings with Abelian covering group. Abelian group is simultaneously subgroup and
factorgroup if is direct summand. So if G(X, X) is direct summand of 77,;(X) then it is
natural homomorphism G (X, X) — H;(X).

Definition 6.3. Let 7 : X — X be Abelian covering and G(X,X) is direct summand
of 7,(X). Natural homomorphism G(X, X) — H;(X) is a Hurewicz homomorphism with
respect to 7T.

Let us generalize this definition. Fundamental group is not defined for noncommutative
C* - algebras. However if G(X, X) is direct summand of 77, (X) is also direct summand
for all intermediate subgroup G i.e. G(X,X) C G C my(X).
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This observation enable us define generalization of Hurewicz homomorphism with re-
spect to covering by following way.

Definition 6.4. Let 7 : A — B be such Abelian covering of C* - algebras that for all Abelian
coverings B — C group G(B, A) is direct summand of G(C, A).Hurewicz homomorphism
with respect to 1 A — B is natural homomorphism from G(B, A) to K!(A).

Let us generalize this definition. Fundamental group is not defined for noncommutative
C* - algebras. However if G(X, X) is direct summand of 7,;(X) is also direct summand
for all intermediate subgroup G i.e. G(X,X) C G C 7 (X).

This observation enable us define generalization of Hurewicz homomorphism with re-
spect to covering by following way.

6.4 Noncommutative Hurewicz homomorphism

Noncommutative generalization of Hurewicz homomorphism is not group homomor-
phism. It is a set of homomorphism’s condidions. In particular cases this condinions
define unuque gruop homomorphism. In general this homomorphism does not exist and
is not unique. Let G, H be finitely generated Abelian groups and f : G — H is group
homomorphism. Let Gors (resp. Hjors be torsion of G (resp. H). Then it is following
commutative diagram with exact rows

0 ———— Gtors G G/Gtors —— 0
fturs f j?
0 ——— Hiors H H/Hipps —— 0

Homomorphism f uniquely defines both f;o;s and 7, but not vice versa. So fors and 7 can
be regarded as properties of f. If one of following conditions is satisfied

1. Giors =~ {0};
2. G/ Gyors = {0}
3. Higrs ~ {0}
4. H/Hjops ~ {0}

then fiors and f uniquely define f. Otherwise if A is C* - algebra then it is following
sequence:

0 —— Ext,(Ko(A),Ko(C)) —— KK'(A,C) —— Hom(K'(A),Ky(C)) ————— 0



Construction of Hurewicz homomorphism generalization has properties of following di-
agrram:

0 Gtors G HOm(G/Gtors/ Z) —0
ftm‘s f ,?

0 —— Rep(K°(A)tors) — K'(A) —— Hom(K'(A),Z) ——— 0

where G = G(B|A) is Abelian covering group and Rep(G) means representation group
VG (G is finite Abelian group) .

Rather we would like construct properties of fiors and f. First of all note that K*(A) ~
KKE(C, A). There are canonical pairings

Giors X Rep(Gtors) — 2,
Rep(KO(A)tors) X KO(Ators) — 2.

where 2 is finite Abelian group.
So following pairing
Rep(Grors) X K*(A)ors — (35)

can be regarded as anlogue of isomorphism Gioys ~ Rep(K°(A)ors). Kasparov intersection
product KK, (C,C) ® KKE(C, B) — KK5(C, B). From

KKE (C, C) ~ Rep(Gtors)/

KKY(C,B) ~ KK°(C, A) ~ K°(A).

it follows that it is following pairing.
Rep(Giors) x K(A) — K(A).
Since Rep(Gtors) is finite above pairing does not depend on infinite part of K(A) i.e.
Rep(Grors) X K(A)tors = K*(A)sors.

Above formula is in fact pairing (35).
There are following natural pairings.

G/ Giors X Hom(G/ Giors, Z) — Z.

K'(A) x Hom(K'(A),Z) — Z.

So following pairing
K'Y(A) x Hom(K'(A),Z) — 2.
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can be regarded as analogue of isomorphism G/Gios ~ K°(A) From Kasparov intersec-
tion product it follows next pairing

KKL(C,C) x KKE(C, B) — KK(C, B) (36)
If G is finitely generated Abelian group then
KK{(C,C) =~ Hom(G, Z) ~ Hom(G/ Giors, Z);
KKL(B,C) =~ KK(A,C) = K'(A).

6.5 Construction Hurewicz homomorphism generalization

Now we have all ingredients for construction of Hurewicz homomorphism generalization.
Let (A, ) be noncommutative generalization of pointed space (see definition[6.2), 7: A —
B be Abelian covering which satisfies conditions of definition and covering group
G = G(B, A) is finitely generated (Abelian) group.

Construction of Hurewicz homomorphism generalization with respect to 7 includes fol-
lowing steps.

1. It is natural isomorphism: K&(B) — K*(A);
2. It is natural isomorphism G ~ KK&(C,C) ;

3. KK(C,C) acts on KK%(B,C) ~ K2(B) ~ K°(A), So G acts on K°(A), it is pairing
G x K9(A) — KY(A);

4. Hurewicz homomorphism generalization with respect to 7 is defined as

G > g+ (gh—h) € KL(A). (37)

Definition 6.5. Let (A, 1) be noncommutative generalization of pointed space and 7 :
A — B be Abelian covering which satisfies conditions of definition[6.4] and covering group
G = G(B, A) is finitely generated (Abelian) group. An Abelian group homomorphism
¢ : G — K'(A) is called Hurewicz homomorphism generalization with respect to 7 if ¢ is
defined by equation (37).

Remark 6.6. Functionality of Hurewicz homomorphism. Let f : A — B be *- homomorphism,
f is homomorphism of fundamental groups with respect to A — A, B — B coverings,
(B,h), (A, K(f)(h)) generalizations of pointed spaces. Then following natural diagram

G(B|B) A G(A|A)

|

1
K1<B) LU)) Kl(B)

is commutative. Vertical arrows of above diagram are generalizations of Hurewicz homo-
morphism defined by pairs (B, 1), (A, K'(f)(h)) .
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Let us remind universal coefficient theorem of KK theory

Theorem 6.7. [16]] Let A and B be separable C* algebras with A € N. Then there is a short exact
sequence

0 — Bxtl (K. (A),K.(B)) 2 KK*(A, B) 5 Hom(K, (A),K.(B)) — 0. (38)

The map vy has degree 0 and ¢ has degree 1. The sequence is natural and splits unnaturally. So if
K. (A) is divisible or K. (B) is divisible, then <y is isomorphism.

Particular case of theoremB8]is following sequence:
0 — ExtL (Ko(A),Z) % K (A) L Hom(K (A), Z) — 0.
Similarly if G is finitely generated Abelian group then it is following exact sequence:

0 — Extl, (KK2(C,C),Z) % KKL(C,C) £ Hom(KKL(C,C),Z) — 0.

Generalization of Hurewicz homomorphism induces following natural homomorphisms
between above exact sequences.

Extl (KK(C,C),Z)) —*— KKL(C,C) —— Hom(KKL(C,C),Z)

o

Ext, (Ko(A),Z) ————— K}'(A) ————— Hom(K;(A),Z)
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